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ABSTRACT

Texture provides a very useful cue for retrieving images from a
database. Many objects can be recognized based on their distinc-
tive texture patterns. In this paper, we propose a new method,
called the regularized simultaneous autoregressive method (RSAR),
for texture classification and segmentation. The usual approach is
the LSE method. But we observe that LSE is unstable in practi-
cal applications. To overcome this shortcoming, we introduce the
regularization technique, i.e., the new method uses the basic SAR
model and add a regularization term. With this technique, exper-
iments are given to show the new algorithm RSAR outperforms
the traditional algorithm LSE for classification and segmentation
of the textured images.

Texture Classification, Texture Segmentation, Regularization

1 Introduction
Texture is an important characteristic for the analysis of many
types of images. Practical applications of computer image anal-
ysis using texture analysis, includes texture classification, texture
synthesis, texture segmentation etc.. The general approaches to
texture analysis quantify the texture measures by its means, vari-
ance etc.. The simultaneous autoregressive (SAR) model is such a
method which has been successfully used in texture classification,
segmentation and synthesis (see [1, 3, 11, 6, 7]). The basic SAR
model for texture images is usually in the form

∑

r∈I

θ(r)g(s + r) + µ + ε(s) = g(s), (1)

where g(s) is the gray level of a pixel at site s = (s1, s2) in an
m × m textured images, s1, s2 = 1, 2, · · · , m. I is the set of
neighbors of pixel at site s, ε(s) is an independent Gaussian ran-
dom variable with zero mean and variance σ2, θ(r), r ∈ I are
the model parameters characterizing the dependence of a pixel to
its neighbors, and µ is the bias which is dependent on the mean
gray value of the image. All parameters µ, σ and θ(r), r ∈ I can
be estimated from a given window (subimage) by using the least
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squares estimation technique, which is known to be simple, easy
to perform and less time-consuming (see [8, 11]). However this
method may be unstable due to the rank-deficient, ill-conditioning
of the input data or the observations, or due to the data contain-
ing too much noise. A theoretical analysis will be given in next
section. None of the previous research works pay attention to this
problem. Our contribution in this paper is that we propose a sta-
ble method for reducing instability in texture analysis, and apply
which to texture classification and segmentation. The paper is or-
ganized as follows: in section 2, we describe the regularized simul-
taneous autoregressive (RSAR) model and show that how it works
for texture classification and the related problems. In section 3, we
apply RSAR model to texture segmentation. Numerical simula-
tion is given in section 4, which is based on the texture image data
from Brodatz album (see [2]). Finally, in section 5, we give some
discussions and future research.

2 RSAR Model for Texture Classifi-
cation

We usually use the the spatial interactions among neighboring pix-
els to characterize the texture. A main class of models for speci-
fying the underlining interaction among the given observation are
the SAR models in the form (1). The parameters θ(r) are usually
used for texture classification and segmentation, which character-
izes the texture of the given image. Clearly, (1) can be rewritten
as ∑

r∈I

g(s + r)θ(r) = gε(s) − µ, (2)

where gε(s) = g(s) − ε(s). We assume that ε is random vari-
able and ε ∼ N(0, σ2). Notice that s = (s1, s2), s1, s2 =
1, 2, · · · , m, r ∈ I , I is the set of neighbors of pixel at site s.
Then (2) can be written as

∑

r∈I

g(st + u)θ(u) = gε(st) − µ, (3)

and each st is in the form of s. For different ri and st, (3) form a
linear equation

Gθu = gµ
ε , (4)

with G = (gij) the matrix and θu, gµ
ε the corresponding vectors.

In theory, we can estimate the parameters θu by solving the above



equations. But we must keep in mind that, the matrix G is very
ill-conditioning, the direct solution should be avoided. This is an
inverse problem, and is mathematically described as discrete ill-
posed in the sense that the solution does not depend continuously
on the input data, and the solution may be not unique (see [15]).
We must resort to new stable technique. The LSE method for (4),
is the minimization problem

min J(θu) = ‖Gθu − gµ
ε ‖

2
l2

. (5)

However this formulation is still unstable. Because it is equivalent
to the normal equation GtGθu = Gtgµ

ε , where Gt is the transpose
of G. Since cond(GtG) > cond(G), the problem is much more
ill-conditioning. To overcome this problem, we introduce the regu-
larization technique, i.e., instead of (5), we solve the minimization
problem

minJ(θu) =
1

2
‖Gθu − gµ

ε ‖
2
l2

+
α

2
‖θu‖2

l2
, (6)

where, ‖θu‖2
l2

serves as the stabilizer, α is the parameter to bal-
ance the bias between the original and the new problem.

If we denote the singular system of G as {λi; xi, yi), i.e.,
Gyi = λixi, Gtxi = λiyi and the singular values satisfy λ1 ≥
λ2 ≥ · · · ≥ 0, then the solution can be expressed as G+gµ

ε =∑
i

(gµ
ε ,xi)

λi
yi. Now it is clear that (gµ

ε ,xi)

λi
grows very quickly for

small singular values λi and the instability occurs. This is the rea-
son that we introduce regularization in this context.

Solving for (6) leads to the following equation:

GtGθu + αθu = Gtgµ
ε . (7)

Notice that the parameter α > 0 can be chosen by users, hence the
coefficient matrix GtG+αE (E is the identity matrix) can be pos-
itive definite. Therefore Cholesky decomposition can be employed
to get the solution. Assume that the Cholesky decomposition of the
matrix GtG + αE as

GtG + αE = LDLt,

where L is the lower triangular matrix with the diagonal elements
all ones and D is the diagonal matrix. With such configuration, the
parameters θu are solved through the following systems:

v = L−1Gtgµ
ε , θu = L−tD−1v. (8)

Note that L is the triangular matrix, the cost of computation of the
above two linear system is very small. The total cost of Cholesky
decomposition is about O(n3/6). For modern computer, the amount
of computation is reasonable.

3 Texture Segmentation Based on RSAR
For texture segmentation, we employ the k-Means clustering method.
K-Means is a least-squares partitioning method that divide a col-
lection of objects into K groups. To evaluate the matching degree
of the computed feature, we use the similar technique as in [12] for
image segmentation, i.e., we assume that the homogeneous areas
in the image are relatively large in comparison to texture bound-
aries. By a good feature, we mean a feature which has a small
variance within homogenous regions, and a large variance over the
entire image. The algorithm iterates over three steps:

(1) Compute the mean of each cluster.

Figure 1: The second-order neighborhood for pixel at site (0,0).

(2) Compute the distance of each point from each cluster by
computing its distance from the corresponding cluster mean. As-
sign each point to the cluster it is nearest to.

(3) Iterate over the above two steps till the sum of squared
within group errors cannot be lowered any more.

We use the classified texture θ which have been obtained in
section 2 as the input data. The K-means algorithm partitions data
into K clusters. The solution is then a set of K centers, each of
which is located at the centroid of the data for which it is the closest
center. For a partition P of the elements in {1, 2, · · · , m}, denote
by P (i) the cluster assigned to i and C(j) the centroid of cluster
j. The intent of the K-means algorithm is the minimization of the
objective function

EP (i) =
m∑

i=1

dist(i, C(P (i))), (9)

where dist(x, c) is the distance between the vectors x and c. In
this experiment, we define the distance as the Euclidean distance
dist(x, c) = ‖x − c‖.

4 Numerical Simulation
We use the SAR model (1) for textured images. For our problem,
the parameters are determined by the choice of the neighborhood I
and the choice of the window. Using different neighbor sets we can
fit different resolution SAR model to the given image. Here, for
convenience, we choose a simple second-order neighborhood as is
shown in Figure 1. The parameter θ is estimated using 25 × 25
overlapping windows. To be simple, the SAR model used here
is rotation-variant, which means that when the textured image ro-
tates, the model parameters also change. Clearly, our algorithm is
also fit for rotation-invariant model.

All of the textured image are chosen from Brodatz album. For
sake of space, we choose 10 different images which belongs to
10 different types (d001, d002, · · · , d010). In each of the fig-
ures, the left is the photo, the middle is the extracted texture by
LSE, the right is the extracted texture by RSAR. For the algorithm
RSAR, the choice of the parameter α is apriori. Here, we choose
α = 0.01. Note that α can not be too large or too small. A very
large α leads to a well-conditioned system, but which is a poor
approximation to the original problem; a very small α leads to
a well approximate system, but the perturbation is still activated.
For most of the time, α is chosen in (0, 1). In our image, the hori-
zon axes represents the eight textures coordinates; the vertical axes
represents the corresponding texture whose value at a pixel is the
model parameter and is scaled to 0-255 for the purpose of display.

In table one, we compute the norms of the results from LSE
and RSAR respectively. Very large norm values mean that the re-
sults are far away from the true value, which also mean that the
texture of the image may be very coarse or contains too much noise
and hence that the corresponding algorithm is unstable. Small
norm values mean that the results are better and the correspond-
ing algorithm is stable.
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Figure 2: Classification results of the LSE and RSAR for d001.
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Figure 3: Classification results of the LSE and RSAR for d002.

LSE Method for SAR

1 2 3 4 5 6 7 8

500

1000

1500

2000

2500

Regularized SAR

1 2 3 4 5 6 7 8

500

1000

1500

2000

2500

Figure 4: Classification results of the LSE and RSAR for d003.
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Figure 5: Classification results of the LSE and RSAR for d004.
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Figure 6: Classification results of the LSE and RSAR for d005.
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Figure 7: Classification results of the LSE and RSAR for d006.
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Figure 8: Classification results of the LSE and RSAR for d007.
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Figure 9: Classification results of the LSE and RSAR for d008.
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Figure 10: Classification results of the LSE and RSAR for d009.
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Figure 11: Classification results of the LSE and RSAR for d010.

Now Figures 2-11 list the plot of the textured images from dif-
ferent class and the classification results. Clearly, we can see from
figures 2-11 that the texture extracted by RSAR are better than
which from LSE. In figures 2, 3, 6, 8 and 9, almost no texture are
extracted by LSE. The norm values of which are quite large. But
all of these can be overcome by RSAR. The texture extracted by
RSAR is satisfactory, the norm values are also small. In figures 4,
5, 7, 10 and 11, both algorithms can give us satisfactory results.
The texture extracted by LSE is a little clearer than RSAR. But we
have noted that the parameter α = 0.01 is not optimal. If we adjust
α appropriately, the results obtained by RSAR will be better. Fig-
ures 12-21 list the segmentation results. The color in each figure
represents the corresponding class. Different class is demonstrated
by different color. We should point out that if the feature number
is very small in one class, then this class is useless for us. In other
words, this class can not represent any textured images. In this
segmentation experiments, we choose the maximum cluster num-
ber K as 8, the minimal distance dist as 0.05 to determine which
feature belonging to which class. It is clearly that the features seg-
mented by RSAR are much more distinct than by SAR. We also
test for other K and dist values. Note that distmin can not be
too large. In fact, if we choose Kmax = 8, distmin = 0.8, then
for d003, d004, d007, d009, no features appear for SAR; but for
RSAR, the results are still better (we do not list them in this paper).

Table 1 The norm of the data for LSE and RSAR
d001 d002 d003 d004 d005

LSE 1.05 × 106 2.10 × 105 49.25 51.52 1.34 × 103

RSAR 141.66 81.16 174.65 178.83 121.46
d006 d007 d008 d009 d010

LSE 138.17 804.14 3.79 × 105 34.70 43.18
RSAR 121.61 224.08 38.70 111.64 145.87

5 Conclusion
The new algorithm RASR presented in this paper is useful for tex-
ture classification and segmentation. In our experiments, the win-
dow we choose is 25 × 25. Clearly, the size can be larger. But
the cost of computation will increase greatly. Other optimization
technique may be used there. In addition, the choice of the param-
eter α is a delicate matter. In our tests, the choice of α as 0.01 is
not optimal. The best value of α should be matched with the error
due to noise and machine truncation. But this is difficult to do. We
believe this is also an interesting subject.

We would like point out that the K-means clustering method is
not the only one method for segmentation. Other approaches such
as GRIDCLUS[14], BIRCH[17], Ejcluster[4] etc., are also useable
to estimate the number of classes.
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Figure 14: Segmentation results of the LSE and RSAR for d003.

Figure 15: Segmentation results of the LSE and RSAR for d004.

Figure 16: Segmentation results of the LSE and RSAR for d005.

Figure 17: Segmentation results of the LSE and RSAR for d006.

Figure 18: Segmentation results of the LSE and RSAR for d007.

Figure 19: Segmentation results of the LSE and RSAR for d008.

Figure 20: Segmentation results of the LSE and RSAR for d009.

Figure 21: Segmentation results of the LSE and RSAR for d010.


